Abstract. We study compatible families of three-dimensional Galois representations constructed in theétale cohomology of a smooth projective variety. We prove a theorem asserting that the residual images will be generically large if certain easy-to-check conditions are satisfied. We only consider representations with coefficients in an imaginary quadratic field. For primes inert in this field, the residual representations (when irreducible) are unitary. We apply our result to an example constructed by van Geemen and Top, obtaining a family of special linear groups and one of special unitary groups as Galois groups over Q. We also consider the case of cohomological modular forms for a congruence subgroup of SL (3, Z). Assuming Clozel's conjecture stating that a geometric family of three-dimensional Galois representations can be attached to them, we verify for three examples the conditions guaranteeing generically large images and explicitly bound the finite set of primes with non-maximal image. We also discuss what intrinsic conditions a modular form should verify to guarantee that the images of the attached Galois representations will be generically large.
Introduction.
In this article we study modular and geometric compatible families of three-dimensional Galois representations, and their images. In Sections 2 and 3, we give an account of the theory of modular forms for congruence subgroups of SL (3, Z), Clozel's conjecture predicting a family of Galois representations attached to Hecke eigenforms, and van Geemen and Top's construction of three-dimensional compatible families of geometric Galois representations (with coefficients in Q(i)) that experimentally support this conjecture. After introducing some of the main tools that will be used in the sequel (Sections 4 and 5), in Section 6 we study all possible types of residual images and show that, under certain conditions, the residual images of these geometric representations are "as large as possible" for almost every prime (i.e., for all but finitely many primes): a special linear or a unitary group, depending on the decomposition type of the prime in Q(i). In Section 7 we do explicit computations for one example of van Geemen and Top's family and we bound the finite exceptional set, i.e., the set of primes where the image is not "as large as possible" with an explicit small density set of primes (for inert primes, one can even bound the exceptional set by an explicit density 0 set of primes (see [D1] ). Furthermore, we prove that this example verifies all conditions of the result of the previous section and, as a consequence, for this example the residual images are "as large as possible" for almost every prime. We stress the consequences of these results for Inverse Galois Theory. In Section 8 we state the results of Section 6 with full generality. In Section 9, we return to the case of modular forms: assuming Clozel's conjecture in a stronger form, we obtain examples of Galois representations over different (imaginary quadratic) fields, and an application of the result of Section 8 allows us to show for some examples of Hecke eigenforms that the (projective residual) images of these Galois representations are generically large, i.e., they give the groups PSL (3, F p ) (p splitting prime) or PSU (3, F p ) (p inert prime) for almost every prime (with an explicit exceptional set). These groups are known to be Galois groups over Q in the following cases: PSL (3, F p ) for every p ≡ −1 (mod 24) and for every p ≡ 1, 2, 4 (mod 7) (cf. [Th] and [Re] ); and PSU (3, F p ) for every p ≡ 1 (mod 24) and for every p ≡ 3, 5, 6 (mod 7) (cf. [Ma] and [Re] ). Thus, Clozel's conjecture has consequences in Inverse Galois Theory: applying the result of Section 8 to several modular forms many new linear and unitary groups can be realized as Galois groups over Q. We also include in Section 9.2 a discussion of what conditions on a modular form should be equivalent to the validity of the generically maximal image result for the attached Galois representations.
The results of generically large images in this article can be thought of as a generalization of those for the case of two-dimensional compatible families of Galois representations: Serre (cf. [S1] ) proved such a result for elliptic curves without Complex Multiplication (CM) and Momose and Ribet (see [R1] and [R2] ) for the case of classical modular forms without CM. Similar results also hold for four-dimensional symplectic Galois representations: for the case of abelian surfaces this was proved by Serre (see [S4] , and [D2] for an explicit version) and for the case of cuspidal genus 2 Siegel eigenforms by the first author (see [D3] ). Definition 2.1. A modular form of level N is an element of H 3 (Γ 0 (N), C).
For every α ∈ GL (3, Q), let T α be the corresponding Hecke operator, acting on the space H 3 (Γ 0 (N), C) of level N modular forms.
Let T (N) be the subalgebra of End (H 3 (Γ 0 (N), C)) generated by the Hecke operators T α with α ∈ GL (3, Z) + , ( det (α) , N) = 1. Then T (N) is commutative and it is generated by the operators T αp and T βp with p N and: H 3 (Γ 0 (N), C) can be decomposed as direct sum of common eigenspaces for the operators in T (N):
with λ homomorphism of algebras T (N) → C and Tf = λ(T)f , for T ∈ T (N), f ∈ V λ (cf. [vG-K-T-V] ). Given a character λ of T (N), we define the eigenvalue a p of the Hecke eigenform f ∈ V λ a p := λ(T αp ).
Let f ∈ H 3 (Γ 0 (N), C) be a cuspidal eigenform for the action of the Hecke algebra T (N). For the definition of cuspidality see [A-G-G] . It is known that T βp f =ā p f . We will denote by Q f the field generated by the eigenvalues a p of a Hecke eigenform f . It is a number field, either totally real or a CM-field. The eigenvalues a p are algebraic integers. 
such that for every λ, ρ λ is unramified outside N and for every p N the characteristic polynomial of ρ λ ( Frob p) is:
See [C] , [vG-T1] and [vG-K-T-V] .
Remark. In [A-M], a similar conjecture for mod p modular forms is stated.
We will only consider the case of Q f a CM-field. In the totally real case the family ρ λ becomes selfdual, and there is a finite index subgroup of the image of these representations contained in G ∼ = PGL (2, Q f ,λ ).
The examples we will consider of eigenforms f ∈ H 3 (Γ 0 (N), C) have imaginary quadratic Q f , such as Q f = Q(i) for f ∈ H 3 (Γ 0 (128), C).
Experimental verification of Clozel's conjecture.
A compatible family of three-dimensional λ-adic Galois representations was constructed by van Geemen and Top (see [vG-T1] ) to give experimental evidence for the above conjecture for three eigenforms of different levels, all with Q f = Q(i). These representations are geometric, and we summarize their construction: Let X be an algebraic variety defined over Q, and consider the Galois -adic representations onétale cohomology:
If X is smooth, projective, and with good reduction at p, it is known that the representations ρ ( = p) are unramified at p; it is also known that the characteristic polynomial of ρ ( Frob p) has coefficients in Z, is independent of , and its roots have absolute value p n/2 . Clozel's conjecture predicts the determinant of the representations attached to modular forms to be χ 3 , where χ is the -adic cyclotomic character, so we must take n = 2. This also implies |a p | ≤ 3p. The examples are constructed using a subspace of H 2 et (S Q , Q ), where S is a surface. The Galois representation decomposes:
where NS (S Q ) is the Néron-Severi group and T its orthogonal complement with respect to the cup product:
Eigenvalues of Frobenius on NS (S Q ) are roots of unity multiplied by p, so we will look for our family of λ-adic representations inside T ⊗ Q K with K = Q(i). If it were dim T = 3 we would have selfdual representations given by three dimensional Q -vector spaces. We look for three dimensional λ-adic representations ρ f ,λ associated as in the conjecture to a modular form f with Q f = Q(i). Therefore, we want
and not all these traces in Z. Thus we suppose that the surface has an automorphism defined over Q:
The induced map: φ * : H 2 et → H 2 et commutes with the Galois representations. Suppose that dim T = 6 and φ * : T → T has two three dimensional eigenspaces W λ , W λ , with eigenvalues i, −i respectively, such that:
This decomposition gives us a compatible family of λ-adic three dimensional Galois representations σ λ on W λ , a Q(i) λ vector space. In general σ λ has to be twisted by a Dirichlet character to obtain ⊗ σ λ = σ λ with det (σ λ ) = χ 3 .
These are the representations we will consider:
The Example. The family of surfaces constructed by van Geemen and Top is the following: S a is the smooth, minimal projective model of the singular affine surface defined by:
The automorphism φ is given by (x, y, t) → ( y, −x, t). Let N = N(a) be the product of the primes of bad reduction of S a . The characteristic polynomials of σ Sa,λ ( Frob p) will be denoted
In particular, we put a p := trace (σ Sa,λ ( Frob p)) ∈ Q(i) for every p N. These traces are determined using Lefschetz trace formula and counting points of S a over finite fields. Of course these surfaces verify dim T = 6. In Section 6 we will illustrate our study of three-dimensional geometric Galois representations with the examples given by the surfaces S a . This is just to simplify the exposition; the results obtained can be applied to any similar example (see Section 8).
In [vG-K- Remarks. For example, in the case a = 2, we have to twist by
to obtain det (σ S 2 ,λ ) = χ 3 , χ the -adic cyclotomic character. Observe that the properties possessed by a geometric representation that we will use later are preserved by this twist (description of the restriction to the inertia subgroup at and absolute value of roots of characteristic polynomials), so no additional difficulties are introduced.
The family of representations σ Sa,λ arises from the action of (C) , Z) which is a Hodge structure of weight 2, i.e. T Z is a free Z-module of rank 6, with
The primes of bad reduction of S a , which are the only primes other than where σ Sa,λ may ramify, are the primes dividing 2a(a 2 + 4). This gives only the prime 2 in the case a = 2. By conductor of the representations σ Sa,λ , cond (σ Sa,λ ), we mean the prime-to-part of the Artin conductor. It is known that the conductor of the representations σ Sa,λ is bounded independently of . This follows from Deligne's corollary to the results of de Jong (cf. [Be] , Proposition 6.3.2). We will denote by c := l.c.m.{cond (σ Sa,λ )} λ , this finite uniform bound, and we will call it "conductor of the family of representations." 4. Classification of subgroups of PSL (3, F q ). What follows is the classification, presented in Mitchell [M] , of the maximal subgroups G, up to conjugation, of PSL (3, F p t ), for t = 1 or 2, as groups of collineations of the projective plane over F p t . See [V-Y] for the relevant definitions from plane projective geometry. We include the order of the subgroup G in each case:
(a) the stabilizer of a point:
(c) groups that leave invariant a triangle with coordinates in F p t and make all six permutations of its vertices: |G| = 6(p t − 1) 2 / gcd (3, p t − 1).
(d) groups that leave invariant a triangle with coordinates in F p 3t F p t and permute its vertices cyclically: |G| = 3(p 2t + p t + 1)/ gcd (3, p t − 1).
(e) the stabilizer of a conic:
(g) (only if t = 2) group of special unitary transformations PSU (3,
(h) Hessian groups of orders 216 (if p t ≡ 1 (mod 9)), 72 or 36 (if p t ≡ 4, 7 (mod 9)).
(i) group isomorphic to PSL (2, 7): |G| = 168 (if t = 2 or if t = 1, p ≡ 0, 1, 2, 4 (mod 7)).
(j) group isomorphic to A 6 : |G| = 360 (if t = 2 or if t = 1, p ≡ 1, 4 (mod 15)).
We have excluded the case p = 5 and t = 2. In this case there are more possibilities.
Remarks. In cases (a) and (b) the subgroup is reducible. Cases (c) and (d) correspond to the normalizer of the group of diagonal matrices and to that of the group of units of the extension [F p 3t : F p t ] embedded in SL (3, F p t ) using the regular representation. Specifically, inside this group we have groups that are reducible over F p t (over F p 3t ), namely, a group of diagonal matrices and a cyclic group of units embedded by the regular representation respectively. In case (h), the group G fits in the exact sequence
with U isomorphic to a subgroup of SL (2, 3) or the quaternionic group D 8 and F of type (3, 3) (cf. [B] ). We will call cases (h), (i) and (j) "exceptional cases." 
with Ψ f fundamental character of level n and the exponents verify:
We apply this result to the representations σ Sa,λ . For any λ-adic representation σ λ , we denote byσ λ the corresponding residual representation obtained by composing σ λ with the reduction modulo λ. Since det (σ Sa,λ ) = χ 3 and m = 2, we have the following possibilities forσ Sa,λ | I , where > 2 is a prime of good reduction for S a :
with ψ i a fundamental character of level i. We want to compare this description with the classification of the previous section. To do so, we first need to exclude the last case, the case with trivial P((σ λ | I ) ss ). In the examplesσ Sa,λ this can be done because of the Hodge structure of T Z . Using again the fact that our representations are crystalline ( [F-M] ), we are free to apply the results of Fontaine-Laffaille (cf. [F-L] , Theorem 5.3), so our knowledge of the Hodge filtration allows us to compute the possible values of the exponents of the fundamental characters describing the action of I as in Theorem 5.1. In particular the exponent 1 cannot appear three times because dimension T p,q = 2 for ( p, q) = (0, 2), (1, 1) and (2, 0).
In the other cases we have P(σ Sa,λ | I ) of the form:
6. Determination of the images of the geometric Galois representations. We will consider the compatible family of Galois representations σ Sa,λ constructed in Section 3 from the surface S a . We will prove that the image of the residual Galois representation is a special linear group (up to a twist by the cyclotomic character) for almost every prime decomposing in Q(i), i.e., ≡ 1 (mod 4), and a unitary group for almost every inert prime ≡ 3 (mod 4), whenever certain general conditions that we will describe later are satisfied.
Reducible representations.
Recall that N denotes the product of the primes of bad reduction of S a . Suppose that is a prime such thatσ Sa,λ is not irreducible overF . In this case there is a character µ unramified outside N with image inF * such that µ( p) is a root of x 3 − a p x 2 + pā p x − p 3 , for every p N. Using the description ofσ Sa,λ | I we know that µ = χ i ε, with χ the mod cyclotomic character, i = 0, 1, 2 and ε a character unramified outside N. Clearly, cond (ε)| cond (σ Sa,λ )|c. At this point, we are led to introduce the following: Condition 1. If c is the conductor of the family σ Sa,λ , then there exists a prime p ≡ 1 (mod c) such that a p / ∈ R.
Under Condition 1, we prove that there is a finite number of reducible primes. Take p ≡ 1 (mod c) with a p / ∈ R. Then ε( p) = 1 and using the fact that
, is a root of the characteristic polynomial ofσ Sa,λ ( Frob p), we obtain:
The finiteness of the set of primes verifying the third congruence follows from Condition 1. For the finiteness in the other two congruences, use |a p | ≤ 3p. Thus, for all but finitely many primes, the following cases are excluded: cases (a) and (b) of the classification, the case of a diagonal group contained in a maximal subgroup in case (c), and the case of a cyclic group contained in a maximal subgroup in case (d).
Cases (c) and (d) of the classification.
We will now study the noncyclic case of (d) and case (c) of the classification (see Section 4). We will assume thatσ Sa,λ is irreducible.
Case (d).
Let G λ := Image (σ Sa,λ ). If its projective image P(G λ ) is an irreducible group contained in a maximal subgroup in case d), then P(G λ ) is contained in the normalizer of a cyclic group, and it fits in the exact sequence
where C is cyclic of order |C| | 2 + + 1. Using the description of the image of the inertia subgroup at (see section 5), we know that its projective image will be contained in C, because it is cyclic with order greater or equal to − 1 > 3, whenever ≥ 5. Then composing P(σ Sa,λ ) with the quotient P(G λ ) → C 3 we obtain a representation
unramified outside N, because when we take quotient by C we are trivializing the image of the inertia group at . So, its kernel gives a cubic character ψ, unramified outside N, and if p N:
Here we are using the fact that a matrix obtained by a nontrivial cyclic permutation of the columns of a diagonal matrix has trace 0. To be able to exclude case (d) we need the following.
Definition 6.1. let N be the product of primes of bad reduction of S a except that we put 9 in this product if 3 is a prime of bad reduction. Then we say that the family of representations σ Sa,λ has cubic Complex Multiplication (or cubic CM) if there exists a character:
Then, it is clear that only finitely many primes can fall in case (d) if we avoid cubic CM.
Case (c).
If P(G λ ) is an irreducible subgroup contained in a maximal group in case (c), then P(G λ ) is contained in the normalizer of a diagonal group, and it fits in the exact sequence
where U is isomorphic to a subgroup of S 3 and R is diagonal of order |R| | ( − 1) 2 . Again we have P(σ Sa,λ | I ) contained in the center R, because − 1 > 3 for ≥ 5 and S 3 does not contain cyclic subgroups of order greater than 3. Because of the irreducibility assumption, we must have U = S 3 or C 3 . If U = C 3 , the same analysis as in case (d) applies. If U = S 3 , consider the quotient S 3 C 2 . Composing the epimorphisms
we obtain a quadratic character γ unramified outside N. We have that for every p N, γ( p) = −1 implies that P(σ Sa,λ )( Frob p) becomes diagonal after an odd permutation of its columns. These matrices have the following property: If their characteristic polynomial is x 3 + Ax 2 + Bx + C, then AB = C. But the characteristic polynomial ofσ Sa,λ ( Frob p) is, for every p N :
Then γ( p) = −1 ⇒ −pa pāp ≡ −p 3 (mod ) must hold, and therefore:
Definition 6.2. We say that the family of representations σ Sa,λ is dual with respect to a quadratic character γ (ramifying only at the primes of bad reduction of S a ) if, for every prime p,
Again, it is clear that, assuming that σ Sa,λ is not dual with respect to any quadratic character, it follows that only finitely many primes can fall in case (c).
Remark. The consideration of the quotient C 2 of S 3 is just to simplify computations. Note that the condition obtained is sufficient to guarantee that only finitely many primes fall in case (c), but not necessary. The alternative option is to work with S 3 , and we obtain a situation analogous to that encountered in case (d). The difference is that now we have to work with the closure L of a noncyclic cubic extension of Q, instead of with a cyclic cubic field. L only ramifies at primes of bad reduction of S a (only finitely many possible L thanks to Hermite's theorem). For every p N we should look at the element in Gal (L/Q) corresponding to Frob p: if it is a nontrivial cyclic permutation then formula (6.1) applies, and (6.2) if it is an odd permutation. Therefore, for case (c) to hold for infinitely many primes the representations should be dual with respect to a quadratic character and the coefficients a p should be 0 for "one third" of the primes.
Case (e):
The stabilizer of a conic. Choosing an adequate basis we can write the equation of a general conic as:
Then, it is easy to see that the stabilizer of this conic is the group of matrices of the form (cf. [V-Y]):
One can check by direct computation that the characteristic polynomial for such matrices is: √ −3) ; to obtain that case (e) can only happen for finitely many primes. In this case we need to assume that the representations are "nonselfdual in a general sense," that is, there is no character ν such that a p = ν( p)ā p for every p N.
6.4. The exceptional cases. In these cases P(G λ ) ⊆ PSL (3, F ) is a group contained in another group of order 36, 72, 168, 216 or 360. The description of P(σ Sa,λ | I ) given in Section 5 tells us that in the image of P(σ Sa,λ ) there is a cyclic subgroup of order − 1, + 1 or 2 + + 1. This gives only a few possibilities for the exceptional primes. Using the structure of the exceptional groups in cases (h), (i) and (j) we finally obtain = 5, 7, 11, 13 or 19.
6.5. Case (f): k = 1. If, for an inert prime in Q(i), the image were contained in PSL (3, F ), there should exist for every prime p 2 an element r( p) ∈F * such that
. This implies that the prime satisfies the same relation displayed in case (e). So, this case can only happen finitely many times if we assume that the representations are nonselfdual in a general sense.
6.6. Conclusion. In his article [M] , Mitchell also classifies the subgroups of PSU (3, F ). All are subgroups of those appearing in Section 4, so we can conclude from the analysis above that, assuming the necessary conditions, no proper subgroup of PSU (3, F ) will be obtained as the image ofσ Sa,λ , for any inert prime in Q(i) not in a finite exceptional set. Image (P(σ Sa,λ )) = PSL (3, F ), for almost every prime ≡ 1 (mod 4).
Image (P(σ Sa,λ )) = PSU (3, F ), for almost every prime ≡ 3 (mod 4).
Proof. Applying the classification in Section 4 and the results of the previous sections, if the prime decomposes in Q(i), we obtain that for all but finitely many primes, the image of P(σ Sa,λ ) is "as large as possible," that is PSL (3, F ).
If is inert in Q(i), we obtain that for all but finitely many primes, the image of P(σ Sa,λ ) is PSU (3, F ) or PSL (3, F 2 ).
In the next lemma, we will see that the image is in fact unitary.
LEMMA 6.4. The image of P(σ Sa,λ ) can not be PSL (3, F 2 ), for any prime ≡ 3 (mod 4).
Proof. Our reasoning will be by reductio ad absurdum. Suppose that there is a prime ≡ 3 (mod 4) such that the image of P(σ Sa,λ ) is PSL (3, F 2 ). Specifically, there will be elements in this image of order 4 + 2 + 1 (projective classes of generators of the cyclic group of units of F 6 embedded in SL 3 via the regular representation). By theČebotarev density theorem there will be infinitely many primes p such that P(σ Sa,λ )( Frob p) is an element of this order. In this case, the characteristic polynomial ofσ Sa,λ ( Frob p) will be irreducible modulo and its roots will be elements of F 6 of order multiple of 4 + 2 + 1. Therefore the polynomial:
is irreducible in characteristics 0 and , with a p ∈ Q(i) Q and its reduction in 
(mod 4)), so the Frobenius morphism "raise to the 3 " agrees with the reduction of complex conjugation, i.e., (â +bî)(â 3 +î 3b 3 ) =p 2 .
Therefore (â +bî)(â +bî) 3 = (â +bî) 3 +1 =p 2 ,
i.e.,
So the order of α divides ( 3 + 1)( − 1) = ( 2 − + 1)( + 1)( − 1). But α is a root of the characteristic polynomial (8.1) and, by assumption, its order is a multiple of 4 + 2 + 1 = ( 2 + + 1)( 2 − + 1). This is a contradiction.
Remark. The fact that the images of the Galois representations for inert primes, when irreducible, are unitary, can be proved directly using the particular form of the characteristic polynomials, which in turn is a consequence of the Riemann hypothesis (see [A-M] 
, for almost every prime ≡ 1 (mod 4).
Remark. Using a lemma of Serre (see [S1] ), we also conclude that for almost every prime ≡ 1 (mod 4), the image of χ −1 ⊗ σ Sa,λ is SL (3, Z ).
7. Determination of the images ofσ S 2 ,λ . We will consider the compatible family of Galois representations attached to the surface S 2 . In this case N = 2. Although we do not know how to compute (or even bound) the value of the conductor c, by excluding an appropriate small density set of primes we will be able to explicitly compute an infinite set of primes with maximal image. Moreover we will prove thatσ S 2 ,λ satisfies the conditions of Theorem 6.3 so the same result of maximal image will remain true for almost every prime. We proceed as in Section 6. We will distinguish primes according to their decomposition type in the field Q(i).
Totally decomposed primes.
Suppose that ≡ 1 (mod 4) is a prime such thatσ S 2 ,λ is not irreducible over F 3 . In this case there is a character µ unramified outside 2 with image in F * 3 such that µ( p) is a root of x 3 − a p x 2 + pā p x − p 3 , for every p 2. The description ofσ S 2 ,λ | I says that µ = χ i ε, with χ the mod cyclotomic character, i = 0, 1, 2 and ε a character unramified outside N.
We exclude the set P of primes ≡ 1 (mod 64) in order to explicitly bound the conductor of ε. What follows only holds for ≡ 1 (mod 4), / ∈ P. With this restriction 64 3 − 1 holds, so the image of ε is a cyclic group of order at most 32. Then the conductor of ε is at most 128. Thus, ε( p) = 1, for every p ≡ 1 (mod 128). Moreover, ε( p) = 1 for every p ≡ −1 (mod 128), except if ε is a character of conductor 4 or 8, in which case ε(3) = ±1.
We will use only a 3 and a 127 because either ε(127) = 1 or ε(3) = ±1. We are assuming that µ( p) = p i ε( p), i = 0, 1 or 2, is a root of the characteristic polynomials ofσ S 2 ,λ ( Frob p), for every p 2 . Taking in particular p = 127 or . From these equations we check thatσ S 2 ,λ may be reducible over F 3 only for the primes = 5, 13, 1901, 105649. Looking at the characteristic polynomials ofσ S 2 ,λ ( Frob p) for these and several primes p, we see that the representationσ S 2 ,5 seems to be reducible (over F 5 ). For the other three primes it is irreducible (over F 3 ). Moreover, for = 13 these computations and the classification (Section 4) show that the image of P(σ S 2 ,13 ) is PSL (3, F 13 ). The determination of the image for a single prime using the classification appears in [A-M] and [A-A-C].
We have proved the following:
THEOREM 7.1. For every ≡ 1 (mod 4), ≡ 1 (mod 64), = 5, the Galois representationσ S 2 ,λ is irreducible over F 3 . The same holds for P(σ S 2 ,λ ) and
This excludes cases (a) and (b) of the classification, the case of a diagonal group contained in a maximal subgroup in case (c), and the case of a cyclic group contained in a maximal subgroup in case (d). σ S 2 ,λ has no cubic CM: N = 2 and 3 |(Z/2 k Z) * |. σ S 2 ,λ is not dual with respect to any quadratic character γ: γ would ramify only at 2, then γ(3) = −1 or γ(5) = −1. a 3ā3 = 5 ≡ 3 2 (mod ) ⇒ = 2, a 5ā5 = 17 ≡ 5 2 (mod ) ⇒ = 2. One concludes that no prime ≡ 1 (mod 4), ≡ 1 (mod 64), = 5, falls in case (c) and (d). Moreover, using a 3 we obtain: (1 + 2i) 3 ≡ (1 − 2i) 3 (mod λ) ⇒ = 2. We conclude that no prime ≡ 1 ( mod 4) falls in case (e).
Concerning the exceptional cases, we know that P(σ S 2 ,13 ) has image PSL (3, F 13 ). Then, 5 is the only prime ≡ 1 (mod 4) not in P such that the image of P(σ S 2 ,λ ) for λ | can be a proper subgroup of PSL (3, F ) (as in the proof of Theorem 6.3, this follows simply by elimination in the classification in Section 4). THEOREM 7.2. The family of representations σ S 2 ,λ verifies:
for every prime ≡ 1 (mod 4), ≡ 1 (mod 64), > 5.
COROLLARY 7.3.
for every ≡ 1 (mod 4), ≡ 1 (mod 64), > 5. In particular, for these values of the groups SL (3, F ) are Galois groups over Q. For each , the corresponding number field is unramified outside 2 .
Remark. The groups PSL (3, F ) for all primes ≡ 1 (mod 4), have been realized as Galois groups over Q using rigidity methods in [Th] .
Inert primes.
For primes ≡ 3 (mod 4) the image of the representationσ S 2 ,λ is a subgroup of PSL (3, F 2 ). We proceed as in Section 7.1. If the representation reduces, we have a character µ = χ i ε with µ( p) a root of the characteristic polynomial ofσ S 2 ,λ ( Frob p), i = 0, 1, 2 and ε unramified outside 2. To obtain a partial explicit result we force an artificial bound for the conductor of ε. The image of ε is now contained in F * 6 . To bound the conductor we subtract from the set of inert primes the set P of primes ≡ −1 (mod 32). We obtain 64 6 − 1, and the same bound for the conductor as in Section 7.1. So with the computations of that section, using ε(127) = 1 or ε(3) = ±1, and the characteristic polynomials corresponding to these two primes, we prove that the image is irreducible (over F 6 ) for every ≡ 3 (mod 4), ≡ −1 (mod 32), except of course for = 3 and 127. To save the prime 127 we compute the reduction mod 127 of a few characteristic polynomials and this shows that the image of the corresponding representation is irreducible over F 127 2 and is not cyclic. We ignore the prime 3 because our method does not work for it in cases (c) and (d), and by direct inspection we cannot determine whether it falls in the exceptional cases or not; so we will assume henceforth that we are dealing only with primes greater than 3. We have proved that for every inert prime such that ≡ −1 (mod 32), > 3, cases (a), (b) and the reducible subcases of (c) and (d) in the classification are not possible for the image of the corresponding residual Galois representation. Cases (c), (d) and (e): As in Section 7.1, we conclude that, under the hypothesis of irreducibility, no inert prime greater than 3 falls in these cases (recall that in the computations we have only used a 3 and a 5 ).
The case of exceptional groups can only occur for = 7, 11 and 19, among all primes ≡ 3 (mod 4), > 3. Computing the reduction of some characteristic polynomials modulo these three primes, we see that there are elements in the image of the corresponding representation whose orders do not divide the order of any of the exceptional groups. We conclude that no inert prime greater than 3 falls in the exceptional cases. Again, having considered all cases of the classification in Section 4 (recall that PSL (3, F 2 ) cannot occur by Lemma 6.4, and case (f) was reduced to case (e)), we conclude that: THEOREM 7.4. The family of representations σ S 2 ,λ verifies:
for every prime ≡ 3 (mod 4), ≡ −1 (mod 32), > 3. COROLLARY 7.5.
for every ≡ 3 (mod 4), ≡ −1 (mod 32), > 3. In particular, for these values of the groups SU (3, F ) are Galois groups over Q. For each , the corresponding number field is unramified outside 2 .
Remark. The groups SU (3, F ) for all primes ≡ 3 (mod 4), > 3, have been realized as Galois groups over Q using rigidity methods in [Ma] .
Condition 1.
We have proved in Section 7.1 that the image ofσ S 2 ,λ is "as large as possible" for infinitely many totally decomposed primes. Now we will show that this, together with theČebotarev density theorem and the existence of the conductor, forces the image of the rest of the primes to be also "as large as possible," except at most for finitely many of them.
LEMMA 7.6. If a compatible family of three-dimensional geometric Galois representations σ λ verifies
for an infinite set L of totally decomposed primes, then condition 1 is satisfied.
The proof is based on the fact that, whenever a p is real, the characteristic polynomial of σ λ ( Frob p) decomposes over Q:
Suppose that this happens for every p ≡ 1 (mod d) for some d. Now consider the residual representation χ −1 ⊗ σ λ for a prime ∈ L. For such a prime the image is SL (3, F ). Let U be the image of the subgroup of Gal (Q/Q) topologically generated by the Frobenius elements at primes p ≡ 1 (mod c); it is a subgroup of SL (3, F ) and it follows from theČebotarev density theorem that it is made of (not only generated by) matrices whose characteristic polynomials are reducible over F . Therefore, it is clear that
On the other hand, by theČebotarev density theorem and the fact that the Dirichlet density of the set of p ≡ 1 (mod c) is 1/ϕ(c) (where ϕ is the Euler function), we must have:
Therefore 2 + + 1 ≤ ϕ(c). But can be taken to be arbitrarily large, because L is infinite, so we obtain a contradiction, and this proves the lemma. Therefore, applying Theorem 7.2 we conclude that for the family σ S 2 ,λ condition 1 is satisfied. The other conditions in Theorem 6.3 having already been verified, we obtain: THEOREM 7.7.
for almost every ≡ 1 (mod 4).
for almost every ≡ 3 (mod 4).
Final comments on the example.
For the prime = 5 we have computed the reduction of the characteristic polynomials of σ S 2 ,5 ( Frob p) modulo 5 for 2 < p ≤ 97, p = 5, and we have found the trivial character 1 as a root of them; so we suspect that the residual representation for 5 is reducible with ε = 1 and "i = 0." If this were so, after semi-simplification we also obtain a two-dimensional subrepresentation π over for every p 10. Applying Serre's conjecture (see [S3] ) to π we deduce that there should exist a classical modular form f of level a power of 2 and weight 8 whose Fourier coefficients reduced modulo 5 agree with the b p . Looking at the space of newforms S 8 (128) we have found a newform verifying this for every p ≤ 97, thus providing more evidence for the fact thatσ S 2 ,5 is reducible. Observe that the congruence (10.1) relates the coefficients of f , an eigenform in S 8 (128), with those of an eigenform in H 3 (Γ 0 (128), C) .
The values a p are computed in [vG-T1] in terms of the number of points of S 2 and other related surfaces over finite fields. The reducibility at 5 would imply congruences modulo 5 involving these numbers of points, depending only on the value modulo 40 of the characteristic p of the finite field. The value 40 appears here because we are working modulo 5 and, as explained at the end of Section 3, the true family of geometric representations was twisted by a character of conductor 8 to obtain the family {σ S 2 ,λ } with determinant χ 3 .
8. On the generality of the above results. We stress that conclusions such as those of Sections 6 and 7 asserting that the images are "as large as possible" for almost every prime will still be valid if we perform the computations starting from any other similar geometric three-dimensional compatible family of Galois representations defined over an imaginary quadratic field K as long as the Hodge structure is as in the example, the family of representations is nonselfdual in the general sense (this is automatic if K = Q( √ −3 )), and the three conditions of Theorem 6.3 are satisfied. In this section we will formulate this generalization in a precise form. Its proof is just a copy of the proof of Theorem 6.3 with some slight changes of notation.
Jasper Scholten has communicated to us that with the techniques of [Sc] using elliptic surfaces he can produce examples of nonselfdual compatible families of three-dimensional Galois representations defined over Q( √ −3). Unfortunately, these examples have not been published. If any of these examples verifies all of the required conditions, then as a consequence we would realize the groups SL (3, F ) and SL (3, Z ) as Galois groups over Q for almost every ≡ ±1 (mod 12), and the groups SU (3, F ) for almost every ≡ ±1 (mod 12).
In what follows, we will consider compatible families {ρ λ } of three-dimensional Galois representations with finite ramification set S, finite conductor c, coefficients in an imaginary quadratic field K, such that for every λ with / ∈ S, ρ λ is crystalline with Hodge-Tate weights {0, 1, 2}, det (ρ λ ) = χ 3 and ρ λ is PURE in the sense that for every p / ∈ S, p = , the roots of the characteristic polynomial of ρ λ ( Frob p) have all the same absolute value, which is obviously p.
Remark. Such families occur in particular as realizations of a pure motive defined over Q with coefficients in an imaginary quadratic field (as in the examples of the surfaces S a ) having finite conductor and the right Hodge-Tate weights and determinant.
We can define, for a compatible family of Galois representations {ρ λ }: condition 1, cubic CM, dual with respect to a quadratic character and nonselfdual in general sense, if K = Q( √ −3), as in section 6. Then, we have: 
Furthermore, if the value of the conductor (or a bound for it), condition 1 and the other conditions can be effectively determined, then an explicit bound for the set of exceptional primes (i.e., those where the image is not maximal) can be given.
9. Strong form of Clozel's conjecture and applications. 9.1. The conjecture. In this section we will assume the validity of a strong form of Clozel's conjecture and we will derive consequences for inverse Galois theory.
Assuming several standard conjectures (cf. Section 9.2), we will discuss intrinsic conditions on a cuspidal Hecke eigenform (whose eigenvalues generate an imaginary quadratic field) which should ensure that the images of the residual representations be "as large as possible" for almost every prime: SL 3 or SU 3 (after twisting by χ) depending on the decomposition type of the prime. Finally, in Section 9.3, we will apply Theorem 8.1 to some examples of Galois representations conjecturally attached to Hecke eigenforms: we will check that all conditions are satisfied so that for these Galois representations the residual images will be generically "as large as possible." We stress that Section 9.3 is completely independent of Section 9.2.
We begin by formulating the strong form of the conjecture: Justification. The motivic nature of the conjectured Galois representations appears already in [C] (see also [Ra] ). The relation between the weight of the modular form and the image of inertia is taken from the generalizations of Serre's conjectures by Ash and Sinnott (see [A-Si] ). Finally, the relation between the level and the conductor comes from the analogy with the case of classical modular forms. This relation has been postulated as part of the generalization of Serre's conjecture for the case of arbitrary level (see [A-D-P]).
Conditions on the modular forms.
As usual, we consider only the case of Hecke eigenforms
with Q f imaginary quadratic. If f is cuspidal, it is conjectured that the roots of the characteristic polynomial of the image of Frob p should have absolute value p (Ramanujan's conjecture). This agrees with the purity condition in Conjecture 9.1. Consider a family of Galois representations attached to a cuspidal modular form f as in Conjecture 9.1. In Theorem 8.1 we present four conditions guaranteeing that the images (at least residually) of this family of Galois representations will be generically large. These conditions arose from the analysis performed in Section 6, and they were introduced in order to eliminate the possibility that some cases of nonmaximal residual image appear infinitely many times. In what follows, we will recall these conditions, try to discover which more intrinsic conditions on the Galois representations are hidden behind them, and then translate these Galois theoretic conditions into conditions on the modular form f , using the language of automorphic forms. This can be done because our space of modular forms can be thought of as being included in the space of automorphic forms on GL (3)/Q, and the cuspidal modular forms correspond to cuspidal automorphic forms (see [A-G-G] ).
We stress that several (standard) conjectures will be freely applied. The reader should be warned that Section 9.2 will not give a definite proof of the "characterization of modular forms with generically maximal image of Galois," but only an indication of how such a proof should be derived in the future. So, the problematic cases of the classification in Section 4 and the conditions found to deal with them are as follows:
(1) Case (e) in Section 4; the corresponding condition being "nonselfduality in general sense," see Section 6.3.
(2) Cases (c) and (d) in Section 4; dealt with via the two conditions that exclude monomial representations: not having cubic CM and not being dual with respect to any quadratic character, see Section 6.2.
(3) Reducible cases; controlled using condition 1, see Section 6.1.
9.2.1. Nonselfduality. Here "in a general sense" means up to multiplication by a character. Recall that this is automatically incompatible with the assumption that Q f is imaginary quadratic, except for the case of Q f = Q( √ −3). If this condition were not satisfied, this would imply that the automorphic form is selfdual:
where ω is a Hecke character, i.e., a one-dimensional automorphic representation of GL (1)/Q. This is the case specifically when f is the symmetric square constructed by Gelbart and Jacquet of an automorphic representation on GL (2)/Q.
Nonmonomiality.
As explained in Section 6.2, "duality with respect to a character" was a weaker notion introduced to simplify computations, but if the images of the Galois representations fall in case (c) or (d) in Section 4 for in-finitely many primes, the representations in the family (at least those for λ N) are "locally monomial," namely, the characteristic polynomial of Frobenius elements behave as in the cases where the representations are induced from a character of a cyclic, respectively (Galois closure of a) noncyclic, cubic extension of Q. To avoid having to explain Galois theoretically that this property of being "locally monomial" can only be satisfied by genuine monomial representations, one can use instead the characterization given by Arthur and Clozel of the automorphic representations induced by a Hecke character of a cyclic extension (cf. [A-C] ). In the easier case (cubic CM, which should correspond to representations induced from a cyclic cubic extension), we have by hypothesis that the modular form f verifies f = φf for a cubic character φ. Following [A-C] , this implies that f is induced from a Hecke character of a cyclic cubic extension E/Q and therefore that the Galois representations are induced from E (obviously, the character φ corresponds to E). In the other case, the same reasoning seems to be applicable but restricting to the quadratic number field F contained in the S 3 extension E of Q governing "local monomiality" (cf. Section 6.2, final remark). From this, one should conclude that the restriction to F of the family of Galois representations is induced from E, and then that the representations themselves are induced from E. Thus, in both cases, "locally monomial" corresponds to monomial, and monomial Galois representations induced from a cubic extension of Q correspond to monomial automorphic forms f , namely, those defined as follows (cf. [A-C]): given E (the Galois closure of) a cubic extension of Q and a Hecke character ϕ on GL (1)/E there is an automorphic form on GL (3)/Q with the same L-function
9.2.3. Irreducibility. Now we want to find a Galois theoretic condition that is more intrinsic than Condition 1 and guarantees that at most finitely many of the Galois representations in the family attached to f are residually reducible. The guess is that the opposite case (infinitely many residually reducible representations) should correspond to the case where the whole family of Galois representations is absolutely reducible (not only residually). In what follows we will give a series of arguments justifying this belief, without aiming to obtain a formal proof of this fact. A conjecture of C. Khare will be assumed to uniformly deform a family of residual representations, and a proof independent of this conjecture is not even indicated.
Let ρ λ be the family attached to a cuspidal form f as in Conjecture 9.1. Assume that for an infinite set Λ of primes the corresponding residual representation were reducible. Applying Theorem 8.1 and the arguments in its proof (see Section 6) we know that this can only happen if Condition 1 fails and, for almost every λ ∈ Λ,ρ λ has a 1-dimensional constituent λ χ , where λ is a character unramified outside N:ρ s.s.
From the above formula and
for every λ ∈ Λ. The conductors of characters λ are uniformly bounded, so we know that if we restrict to an infinite subset Λ ⊆ Λ they will have the same conductor N | N and furthermore, they will be compatible in the sense that there exists a character
such that for every λ ∈ Λ , the reduction of modulo λ gives λ (this existence of a uniform lift follows from the fact that there is only a finite number of characters with values in C * and bounded conductor, and the set Λ is infinite). But from this we obtain that the value ( p)p is a root of the characteristic polynomial of ρ λ ( Frob p) for every p N and λ pN, because it is a root of this polynomial modulo infinitely many different primes. This implies (applying theČebotarev density theorem and the fundamental theorem of Galois theory) that χ is a quotient of the representation ρ λ for every prime λ N. In what follows we assume that the family is known to be nonselfdual and nonmonomial. Because we are in a case where Condition 1 can not be satisfied, we conclude from Lemma 7.6 that the image ofρ λ can only be "as large as possible" for finitely many primes (Lemma 7.6 was proved only for the case of splitting primes, but it is not hard to see that a similar result holds true in general). Thus, for almost every prime, the (projective) residual image has to be contained in a proper maximal subgroup of PSL 3 or PSU 3 , and because of the assumption of nonmonomiality and nonselfduality we conclude by elimination (reasoning as in Section 6) that for almost all primes with nonmaximal residual image this residual image has to be reducible. We conclude thatρ λ is reducible for almost every prime λ in Q f . Therefore, we have again (but this time for almost every prime) the formula:
with µ λ a character verifying cond (µ λ ) 2 | N. The reductions of and the characters µ λ can be shown to agree for sufficiently large, because if not one can derive the formula (we omit the details of the argument):ρ s.s.
λ χ (here λ denotes the reduction of modulo λ) which is incompatible with the description of the action of I . We conclude that for every prime λ not in a finite According to Khare's conjecture (cf. [K] ), there should exist a compatible family of (continuous) λ-adic representations {Π λ }, λ / ∈ F, lifting the residual family {π λ }, i.e., having as traces the values {a p − ( p)p} and the determinant being equal to −1 χ. Observe that because of the purity condition and the condition on the Hodge-Tate decomposition in Conjecture 9.1 one can see, as in the analysis performed in Section 6, that the residual representations π λ are almost all irreducible (equivalently, the residual representationsρ λ can not decompose as a sum of three characters).
We have shown that, assuming Khare's conjecture, the hypothesis of residual reducibility for infinitely many primes implies that the family is a reducible family: ρ s.s. λ = χ ⊕ Π λ , for every prime λ / ∈ F (F finite). To conclude the analysis of the reducible case, let us make the assumption that the finite set F is empty and that the representations ρ λ are semisimple. We have that the Galois representations attached to f reduce as the sum of the Galois representations associated to a Hecke character and those associated to a certain rank two motive. In this situation, we can apply a result ( [Ra] , Prop. 3.2.4) guaranteeing that the property of a motive of being associated to an automorphic form is "closed under subtraction" (this generalizes Theorem 4.7 in [J-S]), so we have:
where ω is a Hecke character and g an automorphic form on GL (2)/Q. In this case f cannot be cuspidal (see [J-S] ).
Remark. The result we are applying is only proved (see [Ra] ) under the assumption of the analytic Tate conjecture. 9.2.4. Conclusion of the discussion. In the light of the discussion of the above previous paragraphs, we conclude that, assuming a series of standard conjectures and not completely formal deductions, it seems reasonable to believe that the following assertion should be true:
If a cuspidal Hecke eigenform f with Q f imaginary quadratic is not selfdual (in a general sense) and is not monomial, then the images of the residual representationsρ λ attached to f in Conjecture 9.1 are "as large as possible" for almost every . Observe that if Q f = Q( √ −3) then f verifies the required nonselfduality condition.
9.3. Examples. Assuming the validity of Conjecture 9.1 and applying Theorem 8.1 we determine the images of the Galois representations attached to three cuspidal Hecke eigenforms: f ∈ H 3 (Γ 0 (N), C) with level N = 128, 88 and 53 and corresponding number field Q f = Q(i), Q( √ −7) and Q( √ −11), respectively. Their eigenvalues are listed in [vG-K-T-V] for p ≤ 173. In the three examples, we have checked that all conditions of Theorem 8.1 are satisfied.
The first example is the one which, according to Theorem 3.1, should correspond to the geometric example of the surface S 2 . The determination of the images for this example was done in Section 7, but now we can even obtain explicit results thanks to the assumption that the conductor divides N. We exclude the primes dividing the level of f or ramifying in Q f . Having gone through all steps of the algorithm for the determination of the images (as explained in Section 6), the only (possibly) exceptional prime > 3 found was 5, in the first and third example. In both cases 5 decomposes in Q f and the residual mod 5 representation seems to be reducible. Observe that in the remaining example 5 is inert in Q f (and is not exceptional).
All the results and computations in this section assume the truth of Conjecture 9.1, but they are independent of the discussion in Section 9.2. ≡ 1 (mod 4) or ≡ 1, 2, 4 (mod 7) or ≡ 1, 3, 4, 5, 9 (mod 11). The groups SU (3, F ) are Galois group over Q for every ≥ 5 satisfying: ≡ 3 (mod 4) or ≡ 3, 5, 6 (mod 7) or ≡ 2, 6, 7, 8, 10 (mod 11).
Thus, Conjecture 9.1 has deep consequences in Inverse Galois Theory: Part of these finite groups (those given by the condition modulo 11) are not yet known to be Galois groups over Q.
